In this work, we consider parabolic 2D singularly perturbed systems of reaction-diffusion type on a rectangle, in the simplest case that the diffusion parameter is the same for all equations of the system. The solution is approximated on a Shishkin mesh with two splitting or additive methods in time and standard central differences in space. It is proved that they are first-order in time and almost second-order in space uniformly convergent schemes. The additive schemes decouple the components of the vector solution at each time level of the discretization which makes the computation more efficient. Moreover, a multigrid algorithm is used to solve the resulting linear systems. Numerical results for some test problems are showed, which illustrate the theoretical results and the efficiency of the splitting and multigrid techniques.
Introduction
In this work, we analyze the numerical resolution of two-dimensional parabolic singularly perturbed coupled reaction-diffusion systems of type ⎧ ⎨ ⎩ L ε u ≡ ∂u ∂t (x, t) + L x,ε u(x, t) = f(x, t), (x, t) ∈ Q = × (0, T ], u(x, t) = 0, x ∈ ∂ , t ∈ (0, T ], u(x, 0) = 0, x ∈ ,
where = (0, 1) 2 and the spatial differential operator L x,ε is defined as
with D = diag(ε 2 , . . . , ε 2 ) a diagonal matrix of order × and A(x, t) = (a ij (x, t)), i, j = 1, 2, . . . , . We assume that the diffusion parameter ε, 0 < ε ≤ 1, can be sufficiently small, that the reaction matrix A satisfies j =1 a ij ≥ α 2 > 0, i = 1, 2, . . . , , with α > 0,
a ii > β > 0, i = 1, 2, . . . , , for (x, t) ∈Q, and then A is an M-matrix. Observe that assumptions (3) and (4) are not restrictions as it can be considered as the transformation v(x, t) = u(x, t)e −μt with μ > 0 sufficiently large. In addition,we assume that the right-hand side of the differential equation, f(x, t) = (f 1 (x, t), f 2 (x, t), . . . , f (x, t)) T , and the reaction matrix A are sufficiently smooth functions, which satisfy sufficient compatibility conditions in order to guarantee that the exact solution u ∈ C 4,2 (Q). We refer to [21, Section 3] and [22, Section 3] for a detailed discussion.
There are many works (see for instance [3, 10, 14, 16] and references therein), where the numerical approximation of singularly perturbed elliptic or parabolic 1D coupled systems of reaction-diffusion type, is considered. In those papers, the time variable is discretized by the backward Euler method, on a uniform mesh, and the spatial variable by the classical central finite difference scheme, defined on a piecewise uniform mesh of Shishkin type, proving the uniform convergence, with respect to the diffusion parameters, of the fully discrete scheme, i.e., methods which give reliable solutions on meshes having a number of grid points which is independent of the value of ε. To obtain the numerical approximation, at each time level of the discretization, with those methods, it is necessary to solve a linear system which requires a high computational cost, due to the fact that the components of the discrete vector solution are coupled.
In [12, 13, 20] , the case of 2D elliptic singularly perturbed systems were analyzed; from those papers, it follows that parabolic boundary layers, of width O(ε), appear at the boundary ∂ of the spatial domain. In [21, 22] 2D parabolic singularly perturbed systems with two equations, also of reaction-diffusion type, are considered; in these works it is given the asymptotic behavior of the exact solution, showing again the presence of parabolic layers at the boundary of the spatial domain, and it is proved the uniform convergence of a classical method defined on a Shishkin mesh. In this paper, we show that the same behavior occurs for the 2D parabolic problem (1) with an arbitrary number of equations.
Up to our knowledge, uniformly convergent schemes that approximate efficiently the solution of problem (1) with a arbitrary number of equations, have not been examined previously in the literature. In this paper, a finite difference scheme defined on a Shishkin mesh is proposed and the analysis of the uniform convergence is given in detail. The Laplacian operator is approximated by using the standard central differences and a splitting or additive scheme [24] is used for the time discretization, because of one of our main aims in this paper is to approximate the solution of problem (1) with a low computational cost. From a numerical point of view, it is very convenient to construct numerical algorithms which decouple the approximation of the components. In [1] an additive scheme is used to discretize in time a 1D singularly perturbed parabolic system of reaction-diffusion equations; then, the computational cost is reduced considerably. Here, we are interested in extending this approach to the case of the 2D problem (1).
Even with a method which decouples the components, at each time level the numerical algorithm has to solve a pentadiagonal linear system for each unknown. In order to solve them efficiently, we use a multigrid method [23] , which is one of the more efficient methods to solve linear systems associated to the discretization of partial differential equations. Nevertheless, multigrid methods with standard components are not convergent when the numerical schemes are defined on meshes of Shishkin type. Similar to [7] and [8] , the restriction operator from fine-to-coarse meshes is appropriately defined in order that the multigrid algorithm efficiently performs in practice.
The paper is organized as follows. In Section 2, we give the asymptotic behavior of the exact solution u of (1) with respect to ε and appropriate bounds of its derivatives. In Section 3, we construct two fully discrete schemes, which combines an additive scheme, on the basis of Jacobi or Gauss-Seidel iteration, to discretize in time and the central finite difference scheme to discretize in space. The time discretization is defined on a uniform mesh and the spatial discretization is defined on a nonuniform special mesh of Shishkin type. We prove that the fully discrete schemes, which combine both types of discretizations, are uniformly convergent methods of first-order in time and almost second-order in space. In Section 4, we describe how the multigrid technique can be implemented to solve the linear systems which appear at each time level of the discretization. Apart from a specially designed restriction operator, the other components of the multigrid algorithm are standard. Finally, in Section 5, we show the numerical results obtained for different test problems, which corroborate in practice the theoretical results and the advantage to use the splitting and multigrid techniques.
We denote by
where · D is the maximum norm on the domain D. We will omit D where it is clear in the context. In order to simplify the notation, we consider the following subsets which are the edges of ∂ . In some places it is used the set 5 = 1 for the same purpose. The four corners of the spatial domain are denoted by
and we denote by = {(x, 0),
Henceforth, C denotes any positive constant independent of the diffusion parameter ε and the discretization parameters N and M, which can take different values at different places.
The continuous problem: asymptotic behavior
In this section, we give appropriate estimates of the derivatives of the solution u of problem (1) showing its asymptotic behavior. These estimates are used to construct and analyze the uniform convergence of the forthcoming finite difference scheme.
In the case that the system has only two equations, bounds on the derivatives of the solution were established in [21, 22] on the basis of the decomposition solution technique. An appropriate decomposition of the solution is given in these papers; each component of this decomposition is defined as the solution of a differential problem with appropriate boundary and initial conditions. The regularity of each component is guaranteed using smooth extensions of the domain and then estimates of their derivatives are obtained using appropriate barrier functions. The maximum principle [18] is necessary in this analysis.
Although the maximum principle can be proved using a standard argument and the hypothesis on the reaction matrix A, we follow the proof given in [13, Section II] (cf. [17] ), which is based on an iteration process. In this process, a sequence of uncoupled problems is defined whose solution converges to the solution of the continuous problem. This iteration process will inspire the additive schemes proposed in this paper.
In the case of the system of parabolic equations (1), we define the scalar uncoupled differential operators
which clearly satisfy a maximum principle [18] . Then, it is straightforward to prove the following result (see [13, Lemma 2.1] ).
Lemma 2 Let u be a solution of (1) .
and for k = 0, 1, 2, . . . , let u [k] such that
Then, it holds lim
where
From Lemma 2, the existence of a unique solution of problem (1) and the maximum principle are deduced. The latest is given in next result.
For the analysis of the uniform convergence of the numerical method, we need precise information about the asymptotic behavior of the solution u of (1). Following, for example, [9] , it is easy to establish bounds for the time derivatives of the solution, which are bounded independently of the singular perturbation parameter ε.
Lemma 4
Let u be the solution of (1) . Then, there exists C independent of ε such that
Next, we give some estimates for the space (and crossed) derivatives of u. In a similar way that in [21, 22] (cf. [4] and [13] for 2D elliptic problems of reactiondiffusion type in the case of scalar and vector unknowns, respectively), the solution of (1) can be decomposed as
where the component v satisfies
with k = k 1 + k 2 , the boundary layer components w i , i = 1, 2, 3, 4, for (x, t) ∈Q satisfy
and the corner layer components z i , i = 1, 2, 3, 4, satisfy
where α 0 is an arbitrary positive constant such that
and r(x, i ) and r(x, i ∩ i+1 ) are the distance from the point x to the sets i and i ∩ i+1 , respectively. For the sake of brevity, in (16) we have made use of the notation 5 = 1 .
Remark 1
Error estimates similar to (27) can be obtained if one has the following cruder estimates
of the derivatives of the components w i , i = 1, 2, 3, 4, in the direction orthogonal to the boundary layer associated to them. We refer to [4] for further details, where a scalar elliptic problem of reaction-diffusion type is considered.
Firstly, we discretize (1) in time. For that, we consider a uniform meshω M = {t m = mτ, 0 ≤ m ≤ M, τ = T /M}, where M is a positive integer. Then, the discretization with the additive schemes [24] is given by
where f m+1 = f(x, t m+1 ), m = 0, 1, . . . , M − 1, and the matrix A(x, t m+1 )
We shall consider two different additive schemes. In the first one, the matrix M m+1 is the diagonal part of the matrix A m+1 (x), i.e.,
and, in the second one, the lower triangular part of the matrix A m+1 (x), i.e.,
In this way, at the time level t m+1 , the components of the vector unknown z m+1 are decoupled for both schemes. All the theoretical results that follows are true for both additive schemes and they are written in a general form. For the discretization (20) , the following result holds and this proves the uniform convergence of the time discretization. (1) and (20), respectively. Then, it holds
Lemma 5 Let u and z m+1 be the solution of problems
and therefore the additives scheme are first-order uniformly convergent methods.
Proof It is an easy adaptation of the proofs given in [2] or [9] .
In previous works (see [1, 3, 5] for instance), auxiliary semidiscrete problems were defined and those problems were discretized in space by using different finite difference schemes. To analyze the uniform convergence of the spatial discretization, it is necessary to know the asymptotic behavior of the exact solution of these semidiscrete auxiliary problems, which is an additional task. Nevertheless, in this paper, we consider directly the fully discrete scheme, and its uniform convergence is proved. To construct the fully discrete scheme, we discretize (20) with the classical central difference scheme, which is defined on a specially nonuniform mesh¯
, as a tensor product of one dimensional meshes.
In Section 2, we have shown that the solution of problem (1) exhibits a parabolic boundary layer at ∂ and corner layers in the neighborhood of the edges of the domain where the boundary layers intersect. Then, the meshes I N x,ε and I N y,ε are defined so that¯ N condenses in the layer regions. We consider in both spatial directions a piecewise uniform Shishkin mesh. We only give the details of the construction of I N x,ε and it is similarly done for I N y,ε . For simplicity, in the present work, we take the same value of N for both spatial variables; it could be made in a similar way if the numbers of grid points in the spatial directions differ.
Let N be a positive integer that is divisible by 4. The grid points of the piecewise uniform Shishkin mesh, in the x-spatial variable, are given by (see [6] )
with h = 4σ/N, H = 2(1−2σ )/N, and σ is the transition parameter of the Shishkin mesh given by
where the positive constant 0 < α 0 < α is defined in (19) . In the following, it is assumed that σ = (2/α 0 )ε ln N, that is the interesting case in practice. Otherwise, N is exponentially large compared to ε −1 .
We
Then, the fully discrete scheme is giving by
are the standard approximations of the second order derivative for each spatial variable on a nonuniform mesh, with . This principle, together with appropriate barrier functions, is crucial to obtain the final error estimate.
Theorem 1 below is the main result of this paper, in which error estimates for the numerical scheme (25) are established. In the proof, similarly to the continuous problem, we use a decomposition of the discrete solution given by
where these grid functions are the solutions of the discrete problems
for i = 1, 2, 3, 4. Appropriate error estimates are deduced for each one of these components and, in consequence, for U − u QN,M . We use an argument based on appropriate barrier functions to prove the errors estimates associated to the boundary and corner layers functions. We consider the usual barrier functions 
where C is a positive constant independent of the diffusion parameter ε and the discretization parameters N and M. Therefore, the fully discrete scheme is a uniformly convergent method of first order in time and almost second order in space.
Proof Consider first the component v. From (11), it follows
and therefore
Using the estimates (11), the truncation error for the regular component satisfies
The estimates for the last term depends on the location of the point (x i , y j , t m+1 ) on the piecewise uniform Shishkin mesh. It is not difficult to prove that it holds
(28) Nevertheless, from (28) we cannot deduce directly the almost second order of uniform convergence in space. Then, to improve this estimate for the component v, we proceed as follows. We define the barrier function
where θ(z) is the usual piecewise linear polynomial (see for example [4] ), defined by
From the choice of transition points, it follows that | | ≤ C(τ + (N −1 ln N) 2 ). Then, the discrete comparison principle proves
We now consider the boundary layer functions w i , i = 1, 2, 3, 4. We only give the details for the function w 1 and one can use an analogous argument for the other three functions. Using the exponential decreasing (12) of this component and the barrier function B w 1 , we obtain
Hence,
Error estimates for this component at the grid points
are proved using a truncation error argument. From the bounds (13), (15) and the mesh width in the y-direction, we obtain
These estimates, the barrier functioñ
and the discrete maximum principle applied to the subdomain
Finally, we consider the corner layer functions z i , i = 1, 2, 3, 4. As above, we only give the details for one of these functions; for example z 1 . If x i ≥ σ , then we deduce error estimates for this component using that it decays exponentially from y = 0 and the definition of the transition point σ ; then, we have
If x i ≥ σ , using that z 1 decays exponentially from x = 0, it holds
In the region (0, σ ) 2 × (0, T ], the errors estimates are deduced using a truncation error argument and that the mesh is fine in both spatial directions. In this region, the following estimate holds
and therefore applying the discrete maximum principle to the subdomain
The above estimates (29)-(35) ( analogous estimates for the other boundary and corner layer components) prove the required result.
The multigrid algorithm
The scheme (25) decouples the numerical components of the discrete solution at each time level and then we have to solve discrete problems; each one of them is associated to the discretization with central differences of a 2D scalar problem of reaction-diffusion type. In order to solve efficiently the linear systems at each time level, we use a multigrid method.
Elliptic boundary value problems are the class of problems to which multigrid methods can be applied efficiently if they are discretized with numerical methods defined on uniform or quasi uniform meshes. Nevertheless, the Shishkin mesh, which has been used to construct the numerical scheme (25), is very anisotropic at the transition points (the ratio of the mesh step sizes depends on ε) and it causes difficulties to multigrid algorithms. In previous papers, different strategies have been followed to overcome these difficulties. In [7, 8] , the authors propose to use special grid transfer operators from the fine-to-coarse meshes; in [15] a block preconditioner is carefully designed and, more recently, a multigrid method based on a patched mesh method is proposed in [11] .
In this paper, we follow the first strategy. In particular, the geometric multigrid algorithm uses a simple V -cycle, standard coarsening (i.e., doubling the mesh size in every direction), bilinear interpolation as the transfer operator from the coarse-to-fine meshes and standard pointwise smoothing methods (as relaxed Jacobi, Gauss-Seidel and their red-black versions). The coarsest grid used in the multigrid algorithm has only one interior point. The only special component of the multigrid algorithm is the restriction operator from the fine-to-coarse meshes.
A restriction operator R The restriction operators can be defined by interpreting that r m,n are the coefficients of appropriate quadrature rules. Following the ideas given in [7, 8] for 2D singularly perturbed scalar problems with a convective term, one can construct appropriate restriction operators in the case of 2D problems of reaction-diffusion type. The restriction operator depends on the location of the point (x i , y j ) on the mesh¯ N and, in the case of the reaction-diffusion problem, we propose the following restriction operators:
(similarly are defined at the points ( Observe that we only have nine different expressions for the transition operator as the Shishkin mesh has the desirable property of being a piecewise uniform mesh. This is very convenient in practice and thence the interest of using a mesh of Shishkin type.
Numerical results
In this section, we show the numerical results obtained for two test problems of type (1), which have two and three equations respectively. Although both examples only satisfy compatibility conditions of zero-order, which do not guarantee that the solution u ∈ C 4,2 (Q), they illustrate in practice the error estimates proved in Theorem 1 and also the efficiency of the numerical scheme.
In both examples, we consider the additive scheme (22) 
where the subscript it denotes the iteration step of the multigrid algorithm and tol is the tolerance error. In practice, the stopping criterion could be associated with the actual error (27), but we take a more restrictive value for the tolerance to show the performance of our method. In all the numerical experiments, the tolerance is a fixed value given by tol = 10 −5 , and similar results have been obtained for smaller values of the tolerance.
Example 1
The first example is defined when the reaction matrix and the right-hand side are respectively, and the final time is T = 1. The exact solution of problem (1) and (37) is unknown and it is approximated with the scheme (25) on the Shishkin mesh with α 0 = 1 in (24). Figure 1 displays the numerical solution, at t = 0.5 and t = 1, using the scheme (25) when the discretization parameters are N = 64, M = 48 and the diffusion parameter is ε = 10 −4 . From it, we clearly see the boundary layers at the four sides of the spatial domain.
As the exact solution is unknown, we cannot calculate exactly the errors; to approximate them, we use a variant of the double-mesh principle [6] . Then, the maximum errors for each value of ε are approximated by where { U m i,j } is the numerical solution on a finer mesh {(x i ,ŷ j ,t m )} , which has the mesh points of the coarse mesh and their midpoints, i.e.,
From the maximum two-mesh differences d N,M ε , we obtain the ε-uniform two-mesh differences by From the approximated maximum errors d N,M ε , in a standard way, the numerical orders of convergence, for each value of ε, are calculated by
and from the approximated uniform maximum errors d N,M , the numerical uniform orders of convergence are calculated by Tables 1 and 2 show the maximum two-mesh differences and the orders of convergence for the components u 1 and u 2 respectively; from them, we clearly deduce that the method is first-order uniformly convergent. Moreover, we can conclude that 
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0.837 0.970 1.450 1.552
0.835 0.970 1.450 1.552 the errors associated to the time discretization dominate into the global error of the numerical method. In addition, we give the maximum number of iterations that the multigrid algorithm needs to convergence to the numerical solution at all the time levels. In order to show the robustness of the multigrid algorithm with respect to the parameters ε, N and M we take the initial guess of the iteration as zero, without using any information on the values of the solution. Observe that very few iterations are required by the multigrid algorithm and this number of iterations stabilizes when ε decreases.
In Tables 3 and 4 , the discretization parameters are multiplied by different factors, N by 2 and M by 4 respectively, so that the errors associated with the spatial discretization dominate into the global errors. The computed orders of convergence now show almost second order of convergence, in agreement with Theorem 1. The maximum number of iterations with the multigrid algorithm are also given and they show again its robustness for all the values of ε. Example 2 In the second example, the reaction matrix and the right-hand side are respectively, and the final time is again T = 1. The solution of this example is approximated with the scheme (25) on the Shishkin mesh with α 0 = 1 in (24).
The computed solutions with the finite difference scheme (25) at t = 0.5 and t = 1 are displayed in Fig. 2 . These surfaces show the presence of boundary layers for the three components of the solution.
Similarly to the previous example, we show the numerical results for each component in separate tables. The maximum two-mesh differences and the orders of convergence for u i , i = 1, 2, 3 are given in Tables 5, 6 , and 7 respectively, where the discretization parameters N and M are multiplied by a factor of 2. The tolerance error is again tol = 10 −5 . The ε-uniform computed orders of convergence again agree with Theorem 1. The maximum number of iterations, that the multigrid algorithm needs to converge at all the times, are also given in the tables, showing again the robustness of the algorithm. 
Conclusions
In this paper, we have approximated 2D parabolic singularly perturbed system of reaction diffusion type with two additive finite difference schemes on a Shishkin mesh. If the diffusion parameter is the same in all equations of the system, both methods are uniformly convergent and they have first-order in time and almost second-order in space. The main advantage of the methods is that they decouple the approximation of each component of the vector solution, and therefore the computational cost is considerably smaller than for classical schemes. Moreover, we have used an adequate multigrid algorithm to solve the decoupled linear systems at each time level of the discretization. If the diffusion parameters have different order of magnitude, then overlapping boundary layers can appear at the boundary of the spatial domain. In that case, the theoretical analysis of the asymptotic behavior of the exact solution and the error analysis of a uniformly convergent scheme are considerably more difficult tasks. To our knowledge, there are not previous works for that type of parabolic two dimensional coupled systems and it is a question that we will consider in a future work.
